The low-energy scattering of three bosons or distinguishable particles with short-range interactions is characterized by a fundamental parameter, the three-body scattering hypervolume. Its imaginary part is directly related to the three-body recombination rate in a quantum gas consisting of such particles. We derive an analytical formula of it for weak interactions, and perform its first numerical calculations for bosons with a variable nonzero-range potential. For attractive interactions, we identify several three-body resonances at which the three-body scattering hypervolume becomes divergent or anomalously large.
The low-energy scattering of three bosons or distinguishable particles with short-range interactions is characterized by a fundamental parameter, the three-body scattering hypervolume. Its imaginary part is directly related to the three-body recombination rate in a quantum gas consisting of such particles. We derive an analytical formula of it for weak interactions, and perform its first numerical calculations for bosons with a variable nonzero-range potential. For attractive interactions, we identify several three-body resonances at which the three-body scattering hypervolume becomes divergent or anomalously large.
Introduction. The three-body scattering hypervolume D is a fundamental parameter characterizing the effective three-body interaction [1] , in analogy to the twobody scattering length a characterizing the two-body interaction [2] . It is important in the physics of three or more bosons or distinguishable particles, such as ultracold atomic gases [1] , multi-meson systems [3, 4] , halo nuclei consisting of three loosely bound subsystems [5] , etc. At a = 0, the ground state energy per particle of a dilute Bose-Einstein condensate (BEC) is
where , m, N and n are the Planck constant over 2π, the mass of one boson, the number of bosons, and the number density, respectively [1] . The three-body scattering hypervolume D has been revealed for only a couple of bosonic models. For bosons with large scattering lengths, Braaten, Hammer, and Mehen calculated the three to three scattering coupling constant g 3 in the effective field theory, from which D can be inferred [1, 6] . In 2008, D of hard-sphere bosons was found to be D HS ≈ 1761.5a
4 [1] . For most systems, the knowledge of this fundamental parameter is lacking.
When the interaction supports two-body bound states, after three particles collide, two of them may form a dimer (a two-body bound state). The dimer and the third particle kinetically gain the released binding energy. This process is known as the three-body recombination, which causes atom loss in dilute ultracold gases [7] [8] [9] . The measurement of the three-body recombination rate constant L 3 serves as a probe of few-body phenomena, such as the Efimov effect [10] [11] [12] . L 3 for atoms with large |a| has been calculated [13] [14] [15] [16] . Meanwhile, the three-body recombination contributes a negative imaginary part to the energy, and this suggests a complex D according to Eq. (1) .
In this letter, we investigate the three-body scattering hypervolume analytically and numerically. First, in the limit of weak two-body interactions, we find that D depends on the interaction strength quadratically. Second, when the interaction supports two-body bound states we find that D becomes complex. Its imaginary part is directly related to L 3 and is expressed as a sum of the contributions from different dimer states. This provides a novel method to calculate L 3 . Third, we perform the first numerical calculations of D for bosons with a variable nonzero-range interaction. Our results are consistent with the previous result for hard-sphere bosons in the strong-repulsion limit and the analytical formula we derived in the weak interaction limit. For attractive interactions, by sweeping the depth of the potential, we identify three-body resonances.
The three-body scattering hypervolume D is defined in either of the two asymptotic expansions of the wave function of three identical bosons colliding at zero energy, zero total momentum and zero total orbital angular momentum [1] . One expansion, called the 111-expansion, is when the three pair-wise distances go to infinity simultaneously; the other, called the 21-expansion, is when the distance between two particles stays fixed and the distance between the third particle and the pair goes to infinity [17] . The leading order of the 111-expansion is assumed to be 1, which corresponds to the most important incoming three-body channel and fixes the wave function uniquely. D appears as a parameter in the 1/ρ 4 or 1/y 4 i term in the 111-or 21-expansion, respectively. Here we have defined the Jacobi vectors x i = r j − r k and
, where (ijk) is an even permutation of (123) and r 1 , r 2 , r 3 represent the position vectors of the three bosons, and ρ is the hyperradius, defined as
Weak interactions. We analytically derive an approximate formula of D when the interaction is weak. One can express the wave function in Born series ψ = ψ 0 + GVψ 0 + (GV) 2 ψ 0 + · · · , where ψ 0 = 1 is the solution to the free Schrödinger equation, G is the Green's operator (G = −T −1 , where T is the kinetic energy operator), and V is the potential energy operator. If the interaction contains two-body potentials only, namely
, where V (x) is a short-range potential whose characteristic range is r 0 , we find that when x 1 , x 2 , x 3 ≫ r 0 , so that the two-body potentials
where
. By comparison with the 111-expansion, we find the leading order expression of D:
and a
. We see that D depends on the strength of the interaction quadratically. The nextto-leading order correction is proportional to the cube of the strength of interaction.
Complex D and three-body recombination. The original 21-expansion is applicable when the interaction does not support any two-body bound state [1] . In this case, no three-body recombination occurs and D is real. When the interaction is attractive and strong enough to support two-body bound states, three bosons may recombine into a dimer and a free boson, which carry the released binding energy and behave as an outgoing wave. Then, the three-body wave function becomes
where φ 0 is the incoming wave plus the elastically scattered wave. φ 0 obeys the original 111-and 21-expansions [1] . φ lν (x i , y i ) is the outgoing wave in the lν-channel, where l and ν are the orbital angular momentum quantum number and the vibrational quantum number of the dimer, respectively. ν l is the maximum ν at a particular l, and l max is the maximum l for the dimer states. At large y, such that the free boson is outside the range of interaction with the other two bosons, φ lν can be expressed as
where P l is the Legendre polynomial, h
is the spherical Hankel function of the first kind, and κ lν > 0 is the binding wave number defined such that the binding energy of the dimer is 2 κ 2 lν /m. u lν (x) is the radial part of the dimer wave function, satisfying the two-body Shrödinger equation and the normalization condition
As the outgoing wave contributes to a positive probability flux towards the outside of a large hyperspherical surface, D gains a negative imaginary part to make the net flux vanish and conserve the probability. Then, a relation between the imaginary part of D and the coefficients C lν is established
where the summation is over all the dimer states, and the symbol Im denotes the imaginary part. When D becomes complex, the ground state energy in Eq. (1) gains a negative imaginary part as well, indicating the decaying of the BEC. At a short time t, the probability that no recombination occurs is exp(−2|Im(E)|t/ ) ≈ 1 − 2|Im(E)|t/ . Then, the probability for one recombination is 2|Im(E)|t/ . After each recombination, three atoms escape from the trap. This leads to the formula of the three-body recombination rate constant
where L 3 is defined as dn/dt = −L 3 n 3 . According to the relation between D and the three to three scattering coupling constant g 3 , this is consistent with the effective field theory formulation [1, 6] . Together with Eq. (7), the number of the produced dimers in each channel can be calculated given the coefficient C lν and the binding wave number κ lν . The distribution of the numbers of different dimer products has been measured experimentally for ultracold Rb atoms [18] . It was found that the propensity rule of the contribution is roughly the inverse square root of the dimer binding energy. However, from the following numerical calculations for bosons with Gaussian interaction potentials, we find that the contribution does not have a monotonic dependence on the binding energy.
Numerical calculation. For a general pair-wise short-range interaction, we need to solve the Shrödinger equation numerically to extract D and the coefficients C lν . At a large hyperadious ρ, the wave function φ can be approximated by the outgoing wave function and the asymptotic 111-and 21-expansions according to Eq. (3). We can treat it as the Dirichlet boundary condition on a large hyperspherical surface with ρ = ρ c . Then, the wave function inside the hypersphere is uniquely determined. The unknown D and C lν can be fixed by making the hyperradial derivative of the wave function continuous along the hyperradial direction.
Note that the 111-and 21-expansions do not have the same error O(1/ρ 8 c ) uniformly on the whole hyperspherical surface [1] . When x i ∼ ρ 
where the dimensionless parameter v 0 is variable. When v 0 is large and positive, the interaction approaches the hard-sphere limit. When v 0 is negative and large enough, it supports two-body bound states. At v 0 ≈ −2.6840, −17.796, and −45.574, s-wave bound states emerge, labeled as (l = 0, ν = 0), (l = 0, ν = 1) and (l = 0, ν = 2), respectively. At these critical values, a diverges, and there are an infinite number of Efimov states [10, 11] . At v 0 ≈ −26.901, a d -wave bound state emerges, labeled as (l = 2, ν = 0), and the d -wave scattering "length" a d (with dimension [length] 5 ) diverges. We say that the system is at the two-body s-wave or dwave resonance if a or a d diverges. Experimentally this can be realized by Feshbach resonances [19] .
We calculate D numerically for various v 0 and plot the results in Fig. 1 . Our results have errors due to a finite number of basis functions that we used to expand the wave function on the hyperspherical surface, and a finite ρ c . The errors become larger when the size of the dimer or the two-body parameters like a and a d increase. So the calculation fails when we are too close to the twobody resonances. The maximum value of |a| is limited to be of the same order of r 0 , and therefore we do not have numerical results in the Efimov regimes in which |a| ≫ r 0 .
When |v 0 | is small, we can use Eq. (2) to obtain
From the inset of Fig. 1 , we see that the numerical results agree with this analytical formula. From Fig. 2a , we see that D approaches the hard-sphere limit D HS /a 4 ≈ 1761.5 when v 0 is positive and large [1] .
We find several three-body resonances at v 0 < 0. At v 0 ≈ −2.1308, D has a simple pole shown in Fig. 2b . As there is no two-body bound state, the imaginary part of D is zero here. We find an approximate formula near the pole: D/r 5 . As D characterizes the effective three-body interaction, the pole indicates a three-body resonance. When v 0 is slightly less than −2.1308, D becomes large and positive and a shallow three-body bound state emerges, as can be verified by a numerical solution of the Schrödinger equation at nonzero energy. Such a shallow three-body bound state is a Borromean state [5] because any two of the particles are not bound, and it is qualitatively similar to some nuclear halo states [5] . At the pole, a ≈ −4.38r 0 , which is not much larger than r 0 , so this three-body bound state is different from an Efimov state. It is stable because there is no dimer state that it can decay into. In the region v Fig. 2c and Fig. 2d , respectively. We see that Re(D) experiences a sharp transition from a large negative peak to a large positive peak as we decrease v 0 . Meanwhile, Im(D) has a sharp dip right at the resonance, indicating rapid three-body recombination. Near each of these resonances we expect a shallow metastable three-body state, which decays due to threebody recombination or three-body dissociation.
We find some other prominent features in Fig. 1 . Near the d -wave resonance at v 0 = v (10) , indicating a local minimum of the three-body recombination rate. A similar pattern is seen when a is large and positive, due to the destructive interference of competing pathways [13] .
Summary. We have investigated the three-body scattering hypervolume D analytically and numerically. For weak two-body interactions, we have derived an approximate formula for D. We extended the concept of D to the complex plane when the interaction supports twobody bound states. We developed a numerical method for calculating D for nonzero-range interactions. We numerically calculated D for bosons with pair-wise Gaussian potentials; when the potential is strongly repulsive or weak, it agrees well with the hard-sphere result or the weak interaction formula, respectively; when the potential is sufficiently attractive, we have identified several three-body resonances.
